shown that, using a depletion layer to model the effective slip, the slip length may attain its steady state much faster than the starting flow will do. This supports the use of a constant Navier slip length in the present problems. Transient solutions are derived in the form of eigenfunction expansions, where the eigenvalues are determined, by solving the characteristic equations numerically, as a function of the channel geometry and the slip lengths. From the leading eigenvalue, it is found that the boundary slip will in general lengthen the transient period of a starting flow.
general than those existing in the literature. A few problems have been studied before, but are included here for completeness of this paper. Start-up pressure-driven flows with slip in parallel-plate, circular and rectangular channels were examined recently by Avramenko et al. [11, 12] , who solved the problems by Laplace transform or series solution methods. Our solutions are expressed in a form simpler than theirs. Matthews and Hastie [13] also studied, using Fourier series expansions, start-up pressure-driven flow through a parallel-plate channel with disparate slip lengths on the two plates. We may check our deduction by comparing with their solution for this problem. Using a dynamic slip model to account for slip relaxation, Kaoullas and Georgiou [14] presented analytical solutions for starting and ceasing Poiseuille and Couette flows in circular and parallel-plate channels. We may also check our solutions, in the case of equal slip lengths on the walls, against those by Kaoullas and Georgiou [14] without the dynamic slip.
As was remarked by Matthews and Hastie [13] and Avramenko et al. [11, 12] , these analytical solutions are valuable for future studies. For one thing, they can be used as benchmarks for numerical simulations, or to validate computational fluid dynamics (CFD) codes. For another, further studies, such as heat transfer, rheological measurement, flow control optimization or flow instability, may be pursued based on the analytical solutions provided here.
To model the boundary slip, we shall adopt the Navier slip condition, which states that the slip velocity is linearly proportional to the near-wall shear stress. For Newtonian fluids, the proportionality constant multiplied by the fluid viscosity is known as the slip length. The slip length, which measures the depth into the wall where the velocity profile would extrapolate to zero, is the core parameter in the Navier slip condition. While the slip condition works well for steady flow, the application of this condition to unsteady flow is subject to scrutiny.
Wang [15] found that in time-oscillatory flow the slip velocity and the local shear stress are in general out of phase, and consequently the ratio of these quantities varies periodically with time. Ng and Wang [16] further deduced that, for oscillatory flow through a channel bounded by patterned walls, the effective slip length is a complex quantity in order to account for the phase shift between the velocity and velocity gradient.
A central question needs to be answered before we may apply the Navier slip condition to the present problems: can the slip length be treated as a steady quantity in starting flows?
To answer this question, we first consider in Section 2 starting flow in a coated channel, where the slip at a wall comes to effect through the action of a low-viscosity depletion layer near the wall; see Fig. 1 . We shall show that as long as the depletion layer is much thinner than the bulk fluid layer, the transient of the slip length will decay much faster than that of the starting flow itself. In other words, the slip length will attain its steady-state value much more quickly than the flow will do. On assuming steady and uniform slip lengths, our problems for starting Couette flow between two parallel flat plates and between two coaxial cylinders, and starting pressure-driven flow through a parallel-plate, rectangular, circular, and annular channel are then presented in Sections 3-8. Figures 1, 3 , 6, 8, 10, 13, 16 show the definition sketches for these problems.
One-dimensional laminar Newtonian fluid flows are assumed. The problems are solved by the classical method of separation of variables, and the solutions come in the form of Fourier series expansions. As the solution method is rather standard, we shall leave out most of the mathematical details here. The focus is on the key equations, including the problem specific characteristic equations that determine the eigenvalues. For ease of reference by other researchers, we shall perform the deduction with physical quantities, and express the deduced equations in both dimensional and non-dimensional forms. Solutions for the no-slip case will be checked against those known in the literature, if any.
Couette flow between two plates with a depletion layer
We first consider starting Couette flow between two parallel flat plates, where the boundary slip comes into effect through the action of a near-wall depletion layer. This problem aims to reveal that the transient duration of the boundary slip is typically much shorter than that of the starting flow itself.
As depicted in Fig. 1 , the problem is to examine the start-up flow of a bulk fluid that is lubricated by a thin depletion layer of thickness a near the upper plate, while driven by the sudden motion in its own plane of the lower plate. The depletion layer is by definition a layer occupied by a low-density and low-viscosity fluid. Hence, the density ratio ρ 1 /ρ 2 and the dynamic viscosity ratio µ 1 /µ 2 are both much larger than unity, where the subscripts 1 and 2 denote the bulk fluid and the depletion-layer-fluid, respectively. On the other hand, the depletion layer is typically much thinner than the bulk fluid layer, and hence the thickness ratio a/h is a very small number, where h is the thickness of the bulk fluid layer.
Flow of the two fluids is governed by:
where u(y, t) is the fluid velocity, and ν = µ/ρ is the kinematic viscosity. The boundary conditions are
where U is a positive constant. The solution to this problem is obtainable from Carslaw and Jaeger [17] :
where
, and β n are the positive roots of cot(β n h) + σ cot(kβ n a) = 0.
Introducing the following normalized quantities:û = u/U, (ŷ,â) = (y, a)/h,β n = β n h, and t = t(ν 1 /h 2 ), the equations above can be expressed in the following non-dimensional form:
cot(β n ) + σ cot(kβ nâ ) = 0.
The rate of flow of the bulk fluid through unit width of the channel iŝ
The depletion layer acts to produce an apparent slip of the bulk fluid at its upper boundary, where the slip is describable by a Navier slip lengthb(t) given bŷ
It is easy to show that, for large times, the limiting slip length is equal to the depletion layer thickness multiplied by the dynamic viscosity ratio:
which accords with the well-known formula, first reported by Vinogradova [18] , for the evaluation of boundary slip due to a low-viscosity depletion layer. As discussed above, α 1 Let us for example consider the bulk fluid being an aqueous liquid and the depletion layer being occupied by a gas, for which we may take k = 0.25, α = 50 andâ = 0.02. From Eq. (11), we getβ n = 2.0287, 4.9131, · · ·, and from Eq. (14), we getb S = 1. In Fig.   2(a, b, c) , we show respectively the interfacial velocityû 1 (ŷ = 0), the velocity gradient at the interface ∂û 1 /∂ŷ(ŷ = 0), and the slip lengthb, as functions of time. Clearly, the startup transient motion will die out in a time period determined by the most slowly decaying exponential, i.e., the exponential containing the leading eigenvalueβ 1 . More precisely, we may estimate that the steady state is practically attained when the time reaches T S = 5β Fig. 2(a, b) . Nevertheless, the slip lengthb, which is equal in magnitude to the ratio of these two quantities, approaches its steady-state limit in a duration much shorter than T S . Figure   2 (c) shows thatb has already attained 98% of the limit whent = 0.01. In other words, the slip length will tend to its steady-state limit much faster than the flow itself will do.
On can reason that the quick disappearing of transient for the slip length is due essentially to a much shorter time scale for momentum diffusion across the depletion layer than that across the bulk fluid layer. This ratio, given by (a 2 /ν 2 )/(h 2 /ν 1 ) = (kâ) 2 , is much less than unity in this example.
On ignoring the short-lived transient for the boundary slip, we may simplify the problem by introducing a Navier slip condition to substitute for the action of the depletion layer:
where the slip lengthb 1 is a constant. Such a problem with constant slip lengths is described in Section 3. As shown in Fig. 2(d) , the flow rateq 1 (t) computed from Eq. (12) is virtually the same as the flow rateq(t) computed from Eq. (33) forb 0 = 0 andb 1 = 1.
In the following problems, we shall use the Navier slip condition with a time-invariant slip length to model the boundary slip.
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We now consider starting Couette flow between two parallel flat plates, at a distance h apart, with constant but disparate slip lengths b 0 and b 1 on the lower and upper boundaries; see Fig. 3 . The lower plate is suddenly set into motion at a constant velocity U in its own plane.
The problem is as follows: We first decompose the velocity into steady and transient parts:
where the steady-state velocity is
and the transient velocity is governed by
The solution to Eqs. (21)- (24) can be obtained by eigenfunction expansions:
where β n are eigenvalues given by the positive roots of the characteristic equation
The coefficients A n are determined from the initial condition, Eq. (25),
Using orthogonality of the eigenfunctions, we get
In terms of normalized quantities:
, the velocity for the present problem in dimensionless form iŝ
andβ n are the positive roots of
The rate of flow through unit width of the channel iŝ
When the two slip lengths are the same,b 0 =b 1 =b, Eqs. (30), (32) and (33) simplify tô
Equations (34) and (35) can be checked to agree with those deduced by Kaoullas and Georgiou [14] , upon omitting the dynamic slip and rectifying some typographical errors in their equations.
For no-slip walls,b = 0, the eigenvalues areβ n = nπ, by which Eqs. (34) and (36) further simplify toû
andq
Equation (37) is well known in the literature; see White [19] and Leal [20] .
We have solved Eq. (32), and other characteristic equations to be introduced in the following sections, with the aid of Mathematica. For future reference, we provide in Table A1 the first five eigenvaluesβ n and Fourier coefficientsÂ n for some values ofb 0 andb 1 . For fixed b 1 , the coefficientsÂ n drop to zero faster with increasing n under a non-zero value ofb 0 , suggesting that the series solution may converge with fewer terms in the presence of slip on the bottom wall. The presence of slip on the top wall, however, has no similar effect. Despite this effect of slip on the Fourier coefficients, we have computed the series solutions using at least 20 terms to ensure sufficient accuracy of the solutions, especially for small times.
In Without any boundary slip (b 0 =b 1 = 0), the steady state is quickly attained. With slip, it takes some time for the velocity at the slipping wall to reach its steady-state value. Therefore, the transient motion may persist for a longer time when both boundaries are slipping. This prolonged transient period owes its origin to the fact that boundary slip is to retard the rate of momentum transfer by diffusion across the boundary where the slip occurs. 
where u(r, t) is the azimuthal velocity, subject to the following boundary conditions:
Here, for generality, we allow impulsively started azimuthal flow to be caused by sudden rotation of either cylinder or both cylinders. When started, U 0 and U 1 are the azimuthal velocities of the inner and outer boundaries of the annulus. In the slip conditions above, use has been made of the following relationship for shear stress tangential to a cylindrical surface
We first decompose the velocity into steady and transient components
where u T (t = 0) = u S and u T (t → ∞) → 0. The steady-state velocity satisfying the slip boundary conditions is readily found to be
where Applying the method of eigenfunction expansions, the transient velocity that satisfies the momentum equation and the boundary conditions without the forcing can be found as follows:
in which J k and Y k are respectively the Bessel functions of the first and the second kinds of order k, and
The eigenvalues β n are determined by the following characteristic equation
The coefficients A n are found from the initial condition u T (t = 0) = u S . Using orthogonality of the eigenfunctions (with r being the weighting function), we may obtain after some algebra:
If U 0 = 0, we may introduce the following normalization:
). The non-dimensional velocity for the present problem then reads aŝ
The non-dimensional coefficientsÂ n may be expressed likewise. For future reference, we provide in Table A2 the first five eigenvaluesβ n forR 0 = 0.1, 0.5, and several values ofb 0 andb 1 .
When the outer cylinder is stationaryÛ 1 = 0 and the two slip lengths are the sameb 0 =b 1 , our problem becomes the one studied by Kaoullas and Georgiou [14] without the dynamic slip. Figure 7 shows the agreement of velocity profiles computed by their and our solutions, thereby validating our equations deduced above. 
where u(y, t) is the axial velocity, and the axial pressure gradient is
in which K is the pressure gradient suddenly applied to the fluid. The boundary conditions are
The problem formulated above and the solution deduced below are essentially the same as those given by Matthews and Hastie [13] , but are presented here in terms of the present notation for completeness of this paper. The same problem but under the condition of equal slip lengths on the two walls has been solved by Avramenko et al. [11] using Laplace transform.
We shall express the solution similar to the one by Kaoullas and Georgiou [14] , which is more compact in form than the solution given by Avramenko et al. [11] . We first decompose the velocity into steady and transient components
where u T is initially equal to u S and decays to zero for large times. The steady-state velocity is readily found to be
and the transient velocity is expressible by the same eigenfunctions as in the plane Couette flow problem:
where β n are the positive roots of
which is identical to Eq. (27), the characteristic equation for Couette flow between two plates. The coefficients A n are determined from the initial condition u T (t = 0) = u S . Using orthogonality of the eigenfunctions, we can get
For no-slip walls,b 0 =b 1 = 0, we getβ n = nπ, andÂ n = 2[1 + (−1) n+1 ]/(nπ) 3 . Equations (67) and (70) then simplify tô
After reconciling the normalization scales, the expressions given above can be checked to agree with those presented by Matthews and Hastie [13] . Our expression above for the Fourier coefficientsÂ n is slightly simpler in form than theirs.
One may note that the terms in the series above for the no-slip case vanish for even values of n. The particular case when the two slip lengths are the same,b 0 =b 1 =b, warrants some further discussion. Under this special condition, the characteristic equation, Eq. (69), can be factorized into cos(β n /2) −β nb sin(β n /2) sin(β n /2) +β nb cos(β n /2) = 0,
from which we may separateβ n into two sets. For n = 1, 3, 5, · · ·,β n are the roots of cos(β n /2) −β nb sin(β n /2) = 0,
while for n = 2, 4, 6, · · ·,β n are the roots of sin(β n /2) +β nb cos(β n /2) = 0.
Meanwhile, the numerator ofÂ n , given in Eq. (68), can be written as
which by Eq. (75) is zero for even values of n. Therefore, in the special case of equal slip lengths on the two walls,β 2, 4, 6, ··· can be ignored, and the characteristic equation thereby reduces to Eq. (74). With equal slip lengths, the flow is symmetrical about the mid-plane of the channel, and the solution can be expressed in a simpler form if the origin of the y-axis is set at the mid-point between the two walls. Let us introduce the following revised normalized quantities (distinguished by overhead tildes), where half the channel height, h/2, is used as the length scale for the normalization:ũ = 4û,ỹ = 2ŷ − 1,b = 2b,β n =β n /2, andt = 4t. In terms of these revised normalized quantities, we may express
whereβ n are the roots of cos(β n ) −β nb sin(β n ) = 0.
This transient velocity profile, which is for equal slip lengths, is the same as the one given by Kaoullas and Georgiou [14] in their static slip case, and also the one by Avramenko et al. [11] , albeit in different forms. We show in Fig. 9 the velocity profileû(ŷ) as a function of time for four sets of values of the slip lengths. Again, we see that without any boundary slip (b 0 =b 1 = 0), the steady state is practically attained within a short duration,t < 0.5. Boundary slip leads to a longer transient period, basically because of a longer time for the velocity near a slipping boundary to reach the steady state. It is evident from the figure that the boundary slip is to reduce the near-wall velocity gradient. Hence, as has been remarked above, the slower decaying transient in the presence of boundary slip is essentially due to a lower rate of momentum diffusion across the boundary where the slip occurs.
Poiseuille flow through a rectangular channel
Our next problem is to consider starting pressure-driven flow through a rectangular channel of height 2h and width 2a, with a uniform slip length b on all the walls; see Fig. 10 . The problem is as follows:
where u(x, y, t) is the velocity in the z-direction, and the axial pressure gradient is
in which K is the suddenly imposed pressure gradient. The boundary conditions are
Start-up slip flow through a rectangular channel has also been investigated by Avramenko et al. [12] . They considered a pressure gradient that may vary with time in a power-law manner. Their solutions, in terms of hypergeometric functions and their integrals, are rather complicated in form. Our problem formulated above for the sudden imposition of a constant pressure gradient can be solved in terms of elementary functions. Again, we first decompose the velocity into steady and transient components
where u T matches u S at t = 0, and decays to zero for large times. Using eigenfunction expansions, the steady-state solution is found as below:
where α n are the positive roots of
and
Also using eigenfunction expansions, the transient solution is expressible by
and γ m are the positive roots of
The coefficients B mn are determined by the initial condition u T (t = 0) = u S . Using orthogonality of the eigenfunctions, we may obtain after some algebra
In terms of normalized variables:
, the velocity for the present problem isû
andγ m andα n are found from the following characteristic equations
For future reference, we provide in Table A3 We show in Fig. 11 the leading eigenvalueβ 11 as a function of the slip lengthb, for channel width a = 0.5, 1, 2. Again, it is seen that the eigenvalue decreases as the slip length increases, implying a longer transient time for a more slipping boundary. It is also seen that a smaller eigenvalue results from a larger channel width, implying that it takes a longer time for the transient to die out in a wider channel, which is expected. We further show in Fig. 12 the developing profiles in the two middle cross sectionsx = 0 andŷ = 0 forâ = 5 andb = 1.
As has been remarked by Avramenko et al. [12] , the velocity slip is larger along the longer walls (i.e.,ŷ = ±1). This is essentially a result of a larger velocity gradient near these two walls. Despite a large aspect ratio (the two vertical walls are 5 times farther apart than the two horizontal walls in this example), the time taken to reach the steady state is nearly the same in either direction.
Poiseuille flow through a circular channel
We next consider starting pressure-driven flow through a circular channel of radius R, with a uniform slip length b on the wall; see Fig. 13 . The problem is as follows:
where u(r, t) is the velocity in the z-direction, and the axial pressure gradient is
in which K is the suddenly applied pressure gradient. The boundary conditions are
The same problem has also been solved by Avramenko et al. [11] using Laplace transform.
Their method of analysis, however, results in a solution containing hypergeometric functions, which unnecessarily complicate the expression of the solution. We shall deduce below a more compact solution that reads the same as the one obtained by Kaoullas and Georgiou [14] without the dynamic slip. As in the preceding problems, we decompose the velocity into steady and transient components:
where the transient velocity is equal to the steady velocity at t = 0, and decays to zero as t → ∞. The steady-state velocity is readily found to be
while the transient velocity satisfying the momentum equation (without the forcing term) and boundary conditions is expressible by
and J k is the Bessel function of the first kind of order k. Using the initial condition u T (t = 0) = u S and orthogonality of the eigenfunctions (with r being the weighting function), we may determine the coefficients as follows:
The transient velocity deduced here agrees with the one previously found by Kaoullas and Georgiou [14] in their case of zero dynamic slip.
In terms of normalized variables: (û,Â n ) = (u, A n )/(KR 2 /µ), (r,b) = (r, b)/R,β n = β n R, andt = t(ν/R 2 ), the velocity for the present problem iŝ
For future reference, we provide in Table A4 the first five values ofβ n for some values ofb.
The rate of flow through the channel iŝ
For a no-slip wall,b = 0, the eigenvaluesβ n are the zeros of J 0 , andÂ n = 2/[β 3 n J 1 (β n )]. Equations (107) and (110) can then be written aŝ
andQ
Equation (111) is known as the Szymanski [21] solution; see White [19] .
The leading eigenvalueβ 1 is shown in Fig. 14 To confirm that our solution is indeed the same as the one deduced by Avramenko et al. [11] , we show in Fig. 15 the velocity profileû(r) att = 0.05, 0.3 forb = 0.05, 0.1, where we show also results (the squares) computed by Avramenko et al. [11] . This figure clearly
indicates agreement of results obtained from their and our solutions. Their transient velocity, which is an infinite series containing a hypergeometric function, can be simplified to the one expressed above.
Poiseuille flow through a concentric annulus
We finally consider starting pressure-driven flow through the annulus between an inner cylinder of radius R 0 and an outer concentric cylinder of radius R 1 ; see Fig. 16 . The slip lengths on the inner and outer walls are b 0 and b 1 , respectively. The problem, which is important in viscometry, is as follows:
where u(r, t) is the axial velocity in the z-direction, and the axial pressure gradient is
in which K is the pressure gradient suddenly imposed along the channel. The boundary conditions are
As in the preceding problems, we decompose the velocity into steady and transient parts:
where u T is equal to u S at t = 0, and decays to zero as t → ∞. The steady-state velocity is readily found to be where
Using eigenfunction expansions, the transient velocity that satisfies the momentum equation (without the forcing term) and boundary conditions is expressible by
and β n are the positive roots of the following characteristic equation
In the above equations, J k and Y k are respectively the Bessel functions of the first and the second kinds of order k.
The coefficients A n are found from the initial condition u T (t = 0) = u S . Using orthogonality (with r being the weighting function) of the eigenfunctions, we may obtain after some algebra:
Introducing the following normalized quantities:
The coefficients λ n , D n and E n in terms of the normalized parameters are
The rate of flow through the annulus iŝ
In the case of zero slip at the walls,b 0 =b 1 = 0, the characteristic equation reduces to
while the velocity and flow rate simplify tô
This no-slip solution accords with the classical solution given by Müller [22] .
For future reference, we provide in Table A5 When both inner and outer boundaries are non-slipping,β 1 increases dramatically withR 0 , especially whenR 0 is close to unity. In sharp contrast, when both boundaries are slipping, β 1 increases only mildly asR 0 increases. We show for illustration in Fig. 18 some velocity profiles at various times for different values of the slip lengths. The effect of the boundary slip on the transient velocity profile is qualitatively the same as that already seen in Fig. 9 for flow through a parallel-plate channel.
Concluding remarks
We have presented a collection of problems and their analytical solutions for start-up internal flows subject to the Navier boundary slip condition. Although some of these problems have been studied previously, they are formulated here to cover more general cases (e.g., disparate slip lengths on different walls) than those in the existing literature. Most of the solutions presented in this paper are therefore reported for the first time. These analytical solutions are of archival value and may be used as benchmarks for numerical models for more complicated start-up slip flows. Further analytical studies may also be carried out on the basis of the present problems. We may, for example, follow Kaoullas and Georgiou [14, 23] to investigate start-up flow under the more advanced slip yield stress and slip relaxation effects. 
